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Abstract 
 
 

 This paper studies the miniaturization of dipole antennas by using fractal tree 

structures as the elements.  It studies fractal density and elevation angle to see how these 

factors influence the reduction of the resonant frequency and the VSWR.  Then, special 

cases of antenna are designed by using generalizations of the fractal density and elevation 

angle to present more optimal solutions. 
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I. Introduction 

As recent developments in technology have radically improved modern communication 

systems, researchers are studying many different approaches for creating new and 

innovative antennas to accommodate these systems design specifications. One technique 

that has received a lot of attention in recent years involves combining aspects of the 

modern theory of fractal geometry with antenna design. This rapidly growing area of 

research is known as fractal antenna engineering [1]. One particular class of antenna 

configurations that has been studied recently is based on fractal trees  [1–6]. Fractal tree 

structures can be exploited in antenna designs to produce multi-band characteristics 

[1,3,4,5] or to achieve miniaturization [2,6].  Multi-band characteristics can be created 

using randomized fractal tree geometries through an electrodeposition process [4] and 

also by using a ternary fractal tree structure [5].  The randomized fractal tree structure has 

resonant frequencies similar to those of a Euclidian monopole antenna, and the ternary 

fractal tree structure has resonant frequencies related to the structure’s fractal scale factor.  

This implies that fractal tree antennas have properties not only related to their overall size 

but also to their fractal geometry.  In addition, a set of dipole antennas that use fractal tree 

structures as end loads has been shown to exhibit lower resonant frequencies than 

standard dipole antennas of comparable length [2,6].  While the fractal structure is able to 

reduce the resonant frequency, this structure does not significantly affect the resonant 

frequency or the gain, thus showing that this technique can easily be used to reduce the 

length of dipole antennas. This paper discusses ways to design miniature antennas that 

use fractal tree geometries as end-loads.  Further, the paper shows that certain resonant 

frequency and reflection criteria are met by increasing the number of branches per fractal 

generator (increasing the density) and modifying the angle of branches in the generator. 
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II. Fractal Generator Review 

A.  Description of Geometry 

Fractals are objects which have a self-similar structure repeated throughout their 

geometry. This self-similar structure may be produced by the repeated application of a 

generator, and in the case of fractal trees, the generator is defined as a junction from 

which several smaller branches, called child branches, split from a parent branch. Every 

branch, with the exception of the first and final branches, has a generator connected to it 

at each end: one from which it is a child and the other to which it is the parent.  By 

modifying the inherent properties of a generator, one is able to modify the geometry of 

the entire fractal tree.  Thus a minor change in the generator can cause a significant 

change in the overall structure. 

 

In order to modify a fractal tree structure, one can adjust parameters describing the 

behavior of each individual branch and the number of branches a generator has.  This 

paper uses parameters related to the spherical coordinate system to describe the branches 

of fractal tree generators.  The three parameters derived from this system are a scale 

factor, an elevation angle, and a rotational angle.  The scale factor describes the length of 

a child branch relative to its parent branch.  The elevation angle is the angle between the 

child branch and the extension of the parent branch.  It can be thought of as how much 

the branch bows.  Finally the rotational angle explains how the child branches are spaced 

and where are they in relation to the path of the previous two branches.  A way to 

visualize the effect of the rotational angle is to look down directly normal to the top of 

the generator (at the end tip of the parent branch).  The angles that one would observe 

would directly represent the rotational angles for each branch.  The rotational angle is 

then measured relative to the path of the previous two branches, so one looking directly 
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down at the generator could tell where 0° is by observing in which direction the branch 

two stages ago points. 

 

In addition to these parameters described by the spherical coordinate system, generators 

need more parameters to describe them since they are three-dimensional objects.  These 

additional parameters are used to describe the connection of the next generator to a 

branch.  One of the most relevant of these parameters is the twist factor.  The twist angle 

is used to adjust the rotational angle of the next generator by changing where the 0° 

points.  The twist angle of each branch is carried through to future stages of growth of the 

tree.  A way to visualize the twist is imagine a line is painted straight down one side of a 

branch to represent 0°.  The branch is then twisted by this angle and the 0° line does not 

match up with the path of the previous branches.  This parameter can be useful when 

building a fractal tree antenna as a way to make denser structures.  Figure 1a shows how 

the twist angle, elevation angle, and rotational angles related in the construction of a 

branch for a generator. 

 

Figure 1a.  Twist, elevation and rotational angles. 
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B.  Dense Fractal Generators 

Three different families of three-dimensional fractal trees are first evaluated for their 

suitability as miniature dipole antennas. These classes of antennas will be referred to 

throughout the paper as 4-branch, 6-branch, and 8-branch. The 4-branch class of 

antennas, shown in Figure 2a, has been adapted from [6] and is used as a benchmark of 

comparison for the 6-branch and the 8-branch classes. 

 

Stage 1 Stage 2 Stage 3 Stage 4  

Figure 2a.  First 4 iterations of the 4-branch class of fractal tree antennas [6]. 

Scale  Elevation (θ) Rotation (Φ) 
0.5 30° 0° 
0.5 30° 90° 
0.5 30° 180° 
0.5 30° 270° 

Table I.  4 branch class of fractal tree antennas. 

The fractal generators of these antennas have several similar properties.  First, the child 

branches are half the length of the parent branches from which they separate.  In addition, 

child branches bend 30° from the direction the parent branch is aimed.  Also, all child 

branches have equal angles separating them (i.e., for the 4-branch class, there are 90° 

between each child branch, for the 6-branch class, there are 60° between each branch, and 

for the 8-branch class, there are 45° between each branch).  Finally, one of these child 



5 

branches must continue the arc path of its parent and the parent branch before that.  One 

can see the similarities between 4-, 6-, and 8-branch antenna classes from Figures 2a and 

2b. 

Stage 1 Stage 2 Stage 1 Stage 2

Generators with 6 branches Generators with 8 branches

 

Figure 2b.  First 2 iterations of the 6-branch and 8-branch classes of fractal tree antennas. 

6-Branch Class 8-Branch Class 
Scale Elevation (θ) Rotation (Φ) Scale Elevation (θ) Rotation (Φ) 
0.5 30° 0° 0.5 30° 0° 
0.5 30° 60° 0.5 30° 45° 
0.5 30° 120° 0.5 30° 90° 
0.5 30° 180° 0.5 30° 135° 
0.5 30° 240° 0.5 30° 180° 
0.5 30° 300° 0.5 30° 225° 

   0.5 30° 270° 
   0.5 30° 315° 

Table II.  8 branch class of fractal tree antennas 

 
For the sake of comparison, several other factors are held constant for each antenna.  

First, the distance from a tip of the wire at one end of the dipole to a tip on the other end 

is 7.5 cm (or 3.75 cm from tip to source).  More specifically, the base length of the first 

stage is 2.5 cm, the second stage is 2.143 cm, the third stage is 2 cm, and the fourth stage 

is 1.936 cm.  In addition, the diameter of the wire assumed for each antenna is 0.00595 

cm. Finally, the antenna is directly fed by a voltage source at the center of the antenna. 
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The resulting radiation characteristics of these fractal tree antennas were evaluated using 

a numerically rigorous approach based on the Method of Moments (MoM). Segment 

lengths are approximately 0.25 cm long for tree stages 1 through 3 to satisfy the 

minimum wavelength requirement and approximately 0.12 cm for the fourth stage to 

account for the length of the smallest wires of the antenna.  Figure 2c plots the VSWR for 

the first 2 stages of the 6- and 8-branch antenna classes and compares them to the first 4 

stages for the 4-branch class.  The results show that the 6-branch antennas have a 

resonant frequency 100 MHz less than a 4-branch antenna at the same fractal stage of 

growth, whereas the 8-branch antenna has a resonant frequency approximately 150 MHz 

less. The 6- and 8-branch classes follow the same trend as the 4-branch in the sense that 

the resonant frequency decreases with an increase in the fractal stage of growth; however, 

there is no valid geometry for the 6- and 8-branch antenna classes beyond stage 3, 

because wire segments will intersect.  Still, at these lower stages of growth, the 6- and 8-

branch antenna classes are more effective than the 4-branch and are easier to fabricate 

than higher order 4-branch antennas because 6- and 8-branch classes have less junctions.   
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Fractal Tree VSWR comparison matched to 50Ω line

dipole

Stage 2

Stage 1 Stage 1 Stage 3

Stage 2 Stage 4

Generators with 4 branchesGenerators with 8 branches

Stage 2

Stage 1

Generators with 6 branches

 

Figure 2b.  Fractal tree VSWR comparison with antennas matched to 50Ω line. 

 
C.  Fractal Tree Generators of Varying Angle 

In this section, many different three-dimensional fractal trees are evaluated for their 

suitability as miniature dipole antennas at their second and third stages of growth. These 

antennas are related to the 4-branch class of antennas adapted from [6]; however, the 

elevation angle that the child branches bend from the parent branch is not held constant at 

30° but is studied at a sweep of angles from 10° to 90°.  The remaining aspects of the 

fractal structure are the same as in dense fractal tree generator review:  there is a 90° 

angle separating each child branch, one child branch continues the path that the parent 

branch was taking before, the length from tip to source is 3.75cm, and the antenna is fed 

using a frill voltage source.  Figure 3a shows how modifying this angle can dramatically 

change the shape of the antenna. 
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10° 30° 45° 90°60°  

Figure 3a.  Third iteration of fractal tree antennas with the elevation angle at 10°, 30°, 
45°, 60°and 90° respectively 

 

Scale  Elevation (θ) Rotation (Φ) 
0.5 10° ↔ 90° 0° 
0.5 10° ↔ 90° 90° 
0.5 10° ↔ 90° 180° 
0.5 10° ↔ 90° 270° 

Table III.  Fractal trees with varying elevation angle 

 

The resulting radiation characteristics of these fractal tree antennas were evaluated using 

the Method of Moments (MoM) approach.  The segment lengths are approximately 0.25 

cm long for both iterations 2 and 3 in order to satisfy the minimum wavelength 

requirement.  Figure 3b plots the VSWR of each resonant frequency stages 2 and 3 over 

the entire sweep of elevation angles.  The results for both stages show that fractal tree 

antennas with small elevation angles have a lower VSWR but a higher resonant 

frequency than those with large elevation angles.  The resonant frequency continues to 

shrink as the elevation angle increases until it reaches approximately 50°.  From that 

point, the resonant frequency increases.  Throughout the entire sweep of elevation angles 

for each stage, the VSWR increases as the elevation angle increases.  Trends shown by 
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the elevation angle study can be used to effectively reduce the resonant frequency and the 

VSWR of fractal tree dipoles. 

VSWR and Resonant Frequency for Elevation Angle Variation
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Figure 3b.  Fractal tree VSWR verses resonant frequency for a sweep of elevation 
angles. Antennas are matched to 50Ω line. 

 

III. Applications of Fractal Tree End-Loads 

A.  Hybrid Fractal Tree 

While the 8-branch class of antennas does not have a valid third stage of growth, 

modifications can be performed on the generator in order to make a valid third stage 

possible.  The child branches at 0°, 90°, 180°, and 270° are 50% as long as the parent 

branch, which is the same as the previous antenna classes; however, the child branches at 

45°, 135°, 225°, and 315° are only 40% as long as the parent branch.  This difference in 

scale creates a hybrid pattern of short and long wires, which also impacts the length of 

wires at later stages of growth (see Figure 4a).  All other factors remain constant, and the 

distance of the longest possible path from the source to an end of a wire is 3.75 cm (7.5 
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cm end to end).  This class of antenna is not as dense as the 8-branch class for stages one 

and two; however, its advantage is its valid geometry at stage three. 

Stage 1 Stage 2 Stage 3  

Figure 4a.  First 3 iterations for the Hybrid Scaled class of fractal tree antennas. 

Scale Elevation (θ) Rotation (Φ) 
0.5 30° 0° 
0.4 30° 45° 
0.5 30° 90° 
0.4 30° 135° 
0.5 30° 180° 
0.4 30° 225° 
0.5 30° 270° 
0.4 30° 315° 

Table IV.  Hybrid scaled class of fractal tree antennas 

 

The VSWR results (see Figure 4b) show a reduction in the resonant frequencies for the 

hybrid class of antennas when compared to the 4-branch class of antennas:  100 MHz 

difference for the first stage, 80 MHz difference for the second, and 60 MHz difference 

for the third. Figure 5 demonstrates that the resonant frequency of the third stage hybrid 

antenna is about the same as the resonance of the fourth stage 4-branch antenna, 

displaying that denser fractal tree structures can be used effectively at higher stages of 

growth.   
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Stage 1 Stage 3

Stage 2 Stage 4

Generators with 4 branches

Stage 1 Stage 3

Stage 2

Hybrid Scaled Generators

Stage 2

Stage 1

Generators with 8 branches

 

Figure 4b.  Fractal tree VSWR comparison with antennas matched to 50Ω line. 

 
B. Center Stubbed Fractal Tree Antennas 

Fractal tree antennas can be designed to have a reduced resonant frequency and low 

reflection by using a design with a center stub.  As staged above in this paper, fractal tree 

generators that have branches with small elevation angles can have an extremely small 

reflection when used in an antenna design.  Also, denser fractal tree geometries can be 

used for reducing the resonant frequency.  In this manner a center stubbed fractal tree 

antenna can take into account both of these parameters by making the fractal structure 

denser and keeping the elevation angles small with respect to the generator.  Under this 

particular review, two generators are evaluated.  Each generator has four branches that 

bend out with elevation angles of 45° that are 50% as long as the previous branch.  These 

branches are separated by 90°; however, there is no branch which points in the same 

direction of the previous branch.  The rotational angles between the branches are instead 

equal to 45°, 135°, 225°, and 315° respectively.  A fractal tree antenna with a generator 
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having only these 4 branches is compared with a fractal tree antenna with a generator 

with these 4 branches and an additional branch as a center stub.  This center stub branch 

is directly vertically pointed from the previous branch and is 50% as long of that previous 

branch and is twisted by 45°.  All other factors remain constant, and the distance of the 

longest possible path from the source to an end of a wire is 3.75 cm (7.5 cm end to end).  

These structures are shown in Figure 5a.   

Without center stub With center stub

Side view Top view Side view Top view

 

 

Figure 5a.  Center Stubbed Fractal Tree Antennas 

 

4 – Branch, 45° Tree 4 – Branch, 45° Tree with Center Stub 
Scale Elevation Rotation Twist Scale Elevation Rotation Twist 
0.5 45° 45° 0° 0.5 45° 45° 0° 
0.5 45° 135° 0° 0.5 45° 135° 0° 
0.5 45° 225° 0° 0.5 45° 225° 0° 
0.5 45° 315° 0° 0.5 45° 315° 0° 

    0.5 0° 45° 45° 
Table V.  Fractal tree antennas with and without center stubs 

The results (see Figure 5b) show a 60 MHz reduction in the resonant frequencies for 

fractal tree antennas with a center stub than those without a center stub over each stage of 

growth.  In addition, the plots show that there is a minimal increase of 4% to 7% in the 

VSWR between each of these antennas.  Because of the similar efficiency and the lower 
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resonant frequency, center stubbed fractal tree antenna designs are a useful antenna 

miniaturization technique. 

Stage 1 Stage 3

Stage 2

4 – Branch 45° tree with Center Stub

Stage 1 Stage 3

Stage 2

4 - Branch 45° tree without Center Stub

 

 

Figure 5b.  Fractal tree VSWR comparison with antennas matched to 50Ω line. 

C.  6 branch 30° - 50° Fractal Tree Antenna 

In order to reduce the VSWR and the resonant frequency as much as possible, antenna 

designers can use a combination of branch angles to get the most dense fractal structure 

possible and have small branch elevation angles.  One particular design has 6 branches, 

with a 60° rotational angle between each branch of the generator.  The elevation angles of 

the generator alternate between 30° and 50°, and the 50°branch is aligned with the 0° 

rotational angle.  Figure 6a shows these structures in detail.  Finally, all other parameters 

are kept the same as before and the length of the antenna is 3.75 cm from tip to source.   
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Stage 1 Stage 2 Stage 3  

 

Figure 6a  6-branch 30° - 50° Fractal Tree Antennas 

 

Scale Elevation (θ) Rotation (Φ) 
0.5 50° 0° 
0.5 30° 60° 
0.5 50° 120° 
0.5 30° 180° 
0.5 50° 240° 
0.5 30° 300° 

Table VI.  6-branch 30° - 50° fractal tree antenna 

The resulting VSWR plots show that there is a significant reduction in the resonant 

frequency when compared to the 4-branch 30° fractal tree antenna evaluated in [6].  The 

second iteration 6-branch 50° - 30° antenna has a resonant frequency of 920 MHz, which 

is the same as the third iteration for the four branch fractal tree antenna.  For the third 

iteration 6-branch 50° - 30° antenna, the resonant frequency 790 MHz, 70 MHz lower 

than the fourth iteration of the four-branch fractal tree antenna.  Figures 6b and 6c show 

the VSWR and the radiation plots respectively.  
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Stage 1 Stage 3

Stage 2 Stage 4

Generators with 4 branches

Stage 1 Stage 3

Stage 2

6 branch 30° – 50° Generators

 

Figure 6b.  Fractal tree VSWR comparison with antennas matched to 50Ω line. 

IV.  Conclusion 

Fractal tree geometries are useful for producing miniature antenna designs.  Lower 

resonant frequencies can be reached by building fractals of higher iterations, using denser 

fractal geometries, and changing the elevation angle of the fractal generators.  Lower 

resonant frequencies can be achieved increasing the density of the antenna.  In addition, 

one is able to change the VSWR and resonant frequency by changing the elevation angle 

of each branch of a generator.  Using these facts, one can build a fractal dipole antenna 

that is smaller than typical dipole antennas but similar in efficiency.  Changing one or 

more of the generator’s parameters can allow denser structures to be built, as in hybrid 

fractal tree antennas.  Also by making an antenna denser in the vertical direction can 

increase the bandwidth, as in center stubbed fractal tree antennas.  Ultimately, engineers 

can build antennas to meet specific design criterion by using the fundamentals outlined in 

this paper.  
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